In this paper, we will generalize the Bott-Virasoro group, applying the concept of the connection cochain, and derive the Euler equations corresponding to the generalized Bott-Virasoro group. We will show the relationships between the new Euler equations and the old ones. Moreover, we will study the geodesic equation corresponding to the Burgers equation and apply it to the exponential curve.
Introduction
In Section 2, we give some fundamental knowledge of the Euler equations,
which has also been generalized to the homogeneous space. For some details, please refer to [1] . In Section 3, we apply the concept of the connection cochain, and construct the generalized Bott-Virasoro group Diff(S 1 ) × χ α R +βB +R, and shows that For the details of the connection cochain, please refer to [3] . In Section 4, we talk about the Burgers Eqaution and shows for the exponential curve exp(tX) that Proposition 2. The curve exp(tX) is a geodesic if and only if X = const = 0.
In section 5, we talk about the KdV equation and apply the Euler equation to the generalized Bott-Virasoro group in Proposition 18. Moreover, we shows that the mKdV equation is Hamiltonian with respect to some Poisson structure in Proposition 17. In Section 6 and 7, we apply the Euler equation to the generalized Bott-Virasoro group and obtain 
Proposition 4. The Euler equation corresponding to the generalized Virasoro group and H 1 -metric is
Letting v = w + 1 3 aβ, we obtain
The Euler Equation
Let G be a Lie group and g its Lie algebra.
Definition 5. A linear invertible operator A : g → g * is called an inertia operator if
for any u, v ∈ g.
The inertia operator gives rise to an inner product −, − : g × g → R given by
where X, Y ∈ T g G and θ : T G → g is the right Mauer-Cartan form given by
Recall that the energy functional of a smooth curve c : [a, b] → G is given by
Theorem 6. A curve c : [a, b] → G is a geodesic with respect to the right-invariant metric on G if and only if
where m(t) = A(θ(c ′ (t))) and ad * represents the coadjoint action of g on g.
Let G be a Lie group and K its subgroup. Consider the space G/K of right cosets {Kg | g ∈ G} on which the group G acts on the right.
Definition 7. An linear operator A : g → g * is called a degenerate inertia operator if
Let −, − : g × g → R be the degenerate inner product given by
for u, v ∈ g and (−, −) G : T G ⊗ T G → R the corresponding degenerate right-invariant metric given by
Theorem 8. The degenerate right-invariant metric (−, −) G on G descends to a metric on G/K if ker A = k and
for all k ∈ k and u, v ∈ g.
Note that in metric (−, −) :
for X, Y ∈ T Kg (G/K), whereX,Ỹ ∈ T g G are some lifts of X, Y .
Theorem 9. A curve c : [a, b] → G/K is a geodesic with respect to the metric given by (2) if and only if there exists a liftc :
where m(t) = A(θ(c ′ (t))).
Note that the right-hand side of (3) is well-defined. Indeed, by (1), for any V ∈ k and a, b ∈ g, we have
for any V ∈ k and a, b ∈ g.
Connection Cochain and Generalized Virasoro Group
Definition 10. For a central extension 1
for allg ∈G and a ∈ A is called a connection cochain.
Proposition 11. There exists a 2-cocycle σ on G such that δτ (g,h) = σ(g, h) for any g, h ∈ G. We call σ the curvature of a connection cochain.
Proposition 12. Define the Euler cocycle χ : G × G → A by
Proposition 13. Let s : G →G be a section, which gives rise to an Euler cocycle χ, and τ :G → A a connection cochain defined byg
Then, we have χ = −σ.
Remark 14. Let B be an abelian group with a homomorphism ι :
is called a connection cochain with values in B. Given a central extension
we can extend it to a central extension
The multiplication inG × A,ι B is given by
It is well-defined since
Moreover, since
we see that τ B is a connection cochain of (4).
Consider the following central extension:
Here, an elementf ∈ Diff(S 1 ) is regarded as an orientation-preserving diffeomorphism of R such that
It's easy to see that τ α is a connection cochain with values in R, since
By Remark 5, τ α gives rise to a connection cochain τ α R : Diff(S 1 ) × Z,α R → R of the following central extension
The section s α R is well-defined, since
Moreover, s α R is smooth since
Then, s α R leads to the smooth Euler cocycle
where we have identified R with with its image in Diff(S 1 ) × Z,α R. Note that by Proposition 13, we have
we see that Ψ is a homomorphism. On the other hand, define Φ :
, which implies the claim.
Recall that the Lie algebraic Euler cocycle e : X(S 1 ) × X(S 1 ) → R is defined by
we see that
where ω denotes the Gelfand-Fuchs cocycle.
Burgers Equation
Let G = Diff(S 1 ) be the orientation-preserving diffeomorphism group of S 1 , whose Lie algebra is X(S 1 ). The dual space of X(S 1 ) is regarded as {udx ⊗ dx | u ∈ C ∞ (S 1 )} with the following pair
Define A : X(S 1 ) → X(S 1 ) * be the inertia operator by
Let −, − : X(S 1 ) × X(S 1 ) be the inner product associated with A and (−, −) the corresponding rightinvariant metric. Since
we obtain the Euler equation of Diff(S 1 ) with respect to the right-invariant metric (−, −):
where udx ⊗ dx is a curve on X(S 1 ) * . For simplicity, we write (5) as Proof. Since
It follows that
It's easy to see that
Therefore, we have
Substituting these results into (8), we have
which is equivalent to
It follows that ϕX (1 G , t) ′ X = const. Therefore, we have
Generalized KdV Equation and mKdV Eqaution
Let
the Lie algebra of which is X(S 1 ) × ω R, where ω : X(S 1 ) × X(S 1 ) → R is the Gelfand-Fuchs cocycle:
The dual space of X(S 1 ) × ω R can be regarded as {(udx ⊗ dx, a) | u ∈ C ∞ (S 1 ), a ∈ R} with the following pair:
Define the inertia operator A :
Let −, − : (X(S 1 ) × ω R) × (X(S 1 ) × ω R) → R be the inner product associated with A and (−, −) the corresponding right-invariant metric on Diff(S 1 ) × B R. Since 
where (udx ⊗ dx, a) is a curve on (X(S 1 ) × ω R) * . For similicity, we write (9) as 
where dF (udx ⊗ dx, a) and dG(udx ⊗ dx, a) are regarded as elements in X(S 1 ) × ω R. Recall that for any H and f in C ∞ ((X(S 1 ) × ω R) * ), we have ⊗ dx, a) ).
It follows that in this case the Hamiltonian function is
It follows that the Hamiltonian fucntion with respect to H is
which is the KdV equation. With this method, we can also obtain the mKdV equation. Define
It follows that the Hamiltonian function with respect to H is
which is the mKdV equation.
Proposition 17. The mKdV equation is Hamiltonian on the dual (X(S 1 ) × ω R) * associated to the constant Poisson structure with the freezing point in (X(S 1 ) × ω R) * is (− 1 2 dx ⊗ dx, 0). Proposition 18. The Euler equation corresponding to the generalized Virasoro group is
which is the KdV euqation.
Generalized CamassaHolm equation
Let G = Diff(S 1 ) × B R, whose Lie algebra is X(S 1 ) × ω R. Define the inertia operator A : X(S 1 ) × ω R → (X(S 1 ) × ω R) * by (
called the CamassaHolm equation. Note that in the discussion above, we have restricted our curve to the form 7 Generalized Hunter-Saxton Equation
